It is common to encounter symmetric monoidal categories C for which every object is equipped with an algebraic structure, in a way that is compatible with the monoidal product and unit in C. We define this formally and say that C supplies the algebraic structure. For example, the category Rel of relations between sets has monoidal structures given by both cartesian product and disjoint union, and with respect to either one it supplies comonoids. We prove several facts about the notion of supply, e.g. that the associators, unitors, and braiding of C are automatically homomorphisms for any supply, as are the coherence isomorphisms for any strong symmetric monoidal functor that preserve supplies. We also show that any supply of structure in a symmetric monoidal category can be extended to a supply of that structure on its strictification.
Introduction
Many symmetric monoidal categories C have the property that each object c ∈ C is equipped with a certain algebraic structure-say that of a monoid or a comonoid-in a way that is compatible with C's monoidal structure.
For example, consider the category Rel of relations between sets. It has a symmetric monoidal structure (I, ⊗, γ) coming from the cartesian monoidal structure of Set. This is not a cartesian monoidal structure on Rel: indeed, I is not terminal. And yet each object r ∈ Rel is equipped with morphisms δ r : r → r ⊗ r and ǫ r : r → I, which satisfy the same algebraic properties that a diagonal and a terminal morphism do. Namely, the diagrams expressing commutativity, unitality, and associativity commute: In string diagrams, the maps δ and ǫ can be drawn as:
and the equations can be drawn as:
Not only is every object r ∈ Rel equipped with these operations ǫ r , δ r , but they are coherent with respect to Rel's monoidal structure. By this we mean first that the operations assigned to the monoidal unit are coherence isomorphisms: ǫ I = id I and δ I = ρ I = λ I , where ρ and λ are the right and left unitors. Second, for any r, s ∈ Rel, the operations interact appropriately with the monoidal product:
ǫ r⊗s = ǫ r ⊗ ǫ s and δ r⊗s = (δ r ⊗ δ s ) (id r ⊗γ r,s ⊗ id s ).
One notices immediately the need for a symmetry isomorphism γ r,s in the second equation, which is there so that the codomains agree (r ⊗ s ⊗ r ⊗ s). In pictures: 
The point is that every object in Rel has this commutative comonoid structure, and the operations are coherent with I and ⊗. In this situation we will say that Rel supplies commutative comonoids. In general, we may talk of algebraic structures on a object being defined by a prop P. A prop is a strict symmetric monoidal category whose monoid of objects is (N, 0, +); in other words, a prop is a single-sorted symmetric monoidal theory. In the case of commutative comonoids, the relevant prop is the skeleton of FinSet op . Indeed, ǫ and δ represent the (opposites of) the unique functions ∅ → {1} and {1, 2} → {1}, respectively. We say that a symmetric monoidal category C supplies P if every object of C is equipped with the structure of P in a way compatible with C's monoidal structure. This notion appears frequently in recent literature. One reason for this is that the compatibility with the monoidal product is a useful and intuitive feature when adding extra icons-"bells and whistles"-into the standard monoidal category string diagram language, yielding equations such as those in Eq. (1).
Examples abound. To list a few: categories supplying comonoids figure strongly in categorical approaches to probability theory [Fon12; Fri19] ; categories supplying frobenius monoids-known as hypergraph categories-are important in networks and wiring-diagram languages [Car91; FS19b] ; categories supplying bimonoids underlie a categorical perspective on differentiation [BCS09] ; categories supplying so-called adjoint frobenius monoids and abelian relations underlie alternative approaches to regular and abelian categories [FS19a] , and so on. Indeed, if we add an extra condition, which we call homomorphic supply, categories homomorphically supplying commutative comonoids are simply cartesian monoidal categories [Fox76] , and categories homomorphically supplying bimonoids are those where the product is a biproduct.
Yet despite this plethora of examples, a general definition of supply has not yet been given: to now do so is the first goal of this note. If P is a prop and C is a symmetric monoidal category, we define what it means for C to supply the algebraic structure encoded in P. We also define what it means for a strong monoidal functor C → D to preserve supplies, i.e. to send a given supply of P in C to a given supply of P in D. We give a number of examples both of supply and supply preservation.
The second goal is to provide some basic theory of supply. For example, given a supply of P in C and a prop functor P ′ → P, one obtains a supply of P ′ in C. We show that if C and D both supply P then so does their biproduct C ⊕ D, and that the projections and coprojections preserve supplies. Finally, any supply of P in C induces a supply of P in the strictification C, and it is preserved by the equivalence C → C.
We also discuss what it means for various maps in (C, I, ⊗) to be homomorphisms for the supplied structure. For example, it is well-known that if C is cartesian monoidal (i.e. if the monoidal product is given by the categorical product) then it supplies comonoids and every morphism f : c → d is a comonoid homomorphism, in the sense that the following diagrams commute:
These equations hold in any cartesian monoidal category, e.g. Set, but they do not hold in Rel. (As an example, the first equation in (2) does not hold in Rel. Take c = d = 1, take f := ∅ ⊆ 1× 1 to be the empty relation, and note that ǫ c = (f ǫ d ).) We will show that the morphisms in C that are homomorphisms for the P-structure always form a monoidal subcategory. The above notion of homomorphic supply simply refers to the case that this subcategory is all of C.
The main theorems of this paper are that supply and supply preservation are wellbehaved with respect to coherence isomorphisms. In Theorem 3.12 we show that every associator and unitor in C is automatically a homomorphism for any supply. In Theorem 4.6 we show that the coherence isomorphisms for strong monoidal functors F : C → D are automatically homomorphisms whenever F preserves the supply. We give strictification theorems Proposition 3.24 and Corollary 4.9.
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Notation and background
Basic notation. For a natural number n ∈ N we denote the corresponding ordinal by n = {1, . . . , n} ∈ Set. We denote composition of f : a → b and g : b → c by (f g) : a → c, i.e. we use diagrammatic order. When c is an object we denote the identity morphism on it either by c or by id c .
Symmetric monoidal categories and coherence. Suppose (C, I, ⊗) is a symmetric monoidal category, m ∈ N is a natural number, and c : m → C is a family of objects in C. We denote
with the convention that when m = 0 and ! : 0 → C is the unique function, we put ! := I. We take this to be the canonical bracketing, so c ⊗ d ⊗ e denotes (c ⊗ d) ⊗ e. If there exists b ∈ C such that b = c(i) for all i ∈ m, we denote the monoidal product in (3) by b ⊗m := i∈m b.
If m, n ∈ N are natural numbers, and c : m × n → C is a family of objects in C, we also have a natural isomorphism σ : i∈m j∈n c(i, j)
We refer to σ as the symmetry isomorphism, though note that it involves associators and unitors too, not just the symmetric braiding. We will be interested in two particular cases of the symmetry isomorphism Eq. (4), namely for m = 2 and m = 0 and any n ∈ N:
Many of our results will rely on Mac Lane's coherence theorem for symmetric monoidal categories [Mac98, Theorem XI.1], which says the following. For any two ways to arrange brackets and monoidal units into a word with n placeholders for objects in C, and for each permutation of n letters, there is an associated natural isomorphism, which Mac Lane calls the canonical isomorphism, between the resulting functors C n → C. Moreover, composites and tensor products of canonical isomorphisms are again canonical. For example, everything we called a symmetry isomorphisms σ in Eq. (4) is one of these canonical isomorphisms.
The 2-category SMC. Recall that a strong monoidal functor (F, ϕ) : C → D consists of a functor F and natural isomorphisms
We refer to these isomorphism as the strongators for F . A strong monoidal functor is strict if all strongators are identities.
Definition 2.1. Let C and D be symmetric monoidal categories. Define SMF(C, D) to be the symmetric monoidal category whose objects are strong monoidal functors (F, ϕ) : C → D, whose morphisms are monoidal natural transformations, and whose symmetric monoidal structure is given pointwise. Define SMC to be the 2-category whose objects are symmetric monoidal categories and whose hom-categories are given by SMF.
The pointwise condition in Definition 2.1 means that the monoidal unit in SMF(C, D) is given by the constant functor at the monoidal unit of D and that the monoidal product is given by (F ⊗ G)(c) := F (c) ⊗ G(c). The strongator of F ⊗ G for any c, c ′ ∈ C is given by the symmetry isomorphism
Theorems 2.2 and 2.3 and Proposition 2.4 are not necessary for the main thrust of this note, so we will save their proofs for later; see Appendix A. However, they seem important to us, and not sufficiently well known.
Theorem 2.2. The 2-category SMC has all small products and coproducts, and products are strict.
In fact, finite products and coproducts coincide in SMC.
Theorem 2.3. The 2-category SMC of symmetric monoidal categories, strong monoidal functors, and monoidal natural transformations has 2-categorical biproducts.
We denote the biproduct of symmetric monoidal categories C and D by C ⊕ D.
is strict monoidal.
Supply
In Section 3.1 we define supply and give some first examples. Section 3.2 then proves our main theorem, Theorem 3.12: coherence isomorphisms are supply homomorphisms. We also provide a more compact definition of supply in Theorem 3.14. In Section 3.3, we record some useful ways to construct new supplies from old.
Definition of supply
Recall that a prop P is a symmetric strict monoidal category whose monoid of objects is (N, 0, +). We denote its objects by m, n, etc.
Definition 3.1 (Supply). Let P be a prop and C a symmetric monoidal category. A supply of P in C consists of a strong monoidal functor s c :
is the unique coherence isomorphism for each m, n ∈ N, and (iii) the following diagrams commute for every c, d ∈ C:
where the σ's are the symmetry isomorphisms from Eq. (4). We further say that f : c → d is an s-homomorphism if the following diagram commutes for all µ : m → n in P:
If every morphism in C is an s-homomorphism, we say that s is a homomorphic supply.
Remark 3.2. Note that if s c is strict, then conditions (i) and (ii) can be replaced by the condition s c (1) = c. Moreover, if C is strict, then each s c must be too.
Example 3.3. Let N be the discrete prop. For any monoidal category C and object c ∈ C, there is a unique strong monoidal functor s c : N → C satisfying conditions (i) and (ii) of Definition 3.1. There is nothing more to check for s to be a supply-N automatically satisfies (iii) since it is discrete-and in fact every morphism in C is an s-homomorphism.
One might thus say that every symmetric monoidal category C uniquely supplies identities, and every morphism in C is a homomorphism for identities.
Note that condition (ii) of Definition 3.1 is necessary for the supply of N to be unique.
Example 3.4. Let I = { * } denote the zero object in SMC (see Theorem 2.3). For any prop P there is a unique supply of P in I.
Example 3.5 (Involutions). Consider the prop I whose morphisms are given as follows: 
and three equations:
It is equivalent to the skeleton of FinSet, i.e. with Hom(m, n) := Set(m, n). For example, the generators shown in Eq. (7) correspond to the unique functions 0 → 1 and 2 → 1 respectively. A supply of commutative monoids in C gives a map µ c : c ⊗ c → c and η c : I → c for each object c, compatible with tensor product in C and satisfying the usual monoid laws. A morphism f : c → d is a monoid-homomorphism in the sense of Definition 3.1 iff it is in the usual sense:
Similarly, to supply commutative comonoids means to supply the prop given by the skeleton of FinSet op .
Example 3.7 (Cartesian categories). A symmetric monoidal category C has finite products iff it homomorphically supplies commutative comonoids. In this case, the categorical product coincides with the monoidal product. This was shown in [Fox76] . 
A category suppling self-duals is called a self-dual compact closed category.
Example 3.9. The prop for (special, commutative) frobenius monoids is Cospan, the category of cospans in FinSet. A category supplying frobenius monoids is called a hypergraph category; see [FS19b] .
Proposition 3.10. Let P be a prop. Then there is a supply of P in P.
Proof. The monoidal product in a prop is denoted +; we denote the n-fold monoidal product of some k by k · n := k + n · · · + k. For any k ∈ P let s k : P → P act on objects by s k (n) = k · n; this is strict because
by conjugating with the symmetries and applying µ, on each of the k factors:
This is functorial because σ n,k σ k,n = id n·k . It is an easy exercise to show that the diagrams in Eq. (5) commute for any k, ℓ ∈ P.
Recall that the 2-category SMC has coproducts (Theorem 2.2). It is sometimes useful to note the following basic fact, which follows immediately from the definition of supply (Definition 3.1) and the universal property of coproducts.
Proposition 3.11. A supply s of P in C induces a strong monoidal functor c∈Ob(C) P → C that is surjective on objects.
An equivalent definition
In this section we prove our main theorem, Theorem 3.12, which says that all coherence isomorphisms-associators, unitors, and braiding-are homomorphisms for any supply. We use it to provide a slightly more compact definition of supply in Theorem 3.14.
Theorem 3.12. Suppose s is a supply of P in C. All the coherence isomorphisms in C (associators, unitors, and braiding) are s-homomorphisms.
Proof. Choose any µ : m → n in P. We need to show that whenever f : x → y is an associator, a unitor, or a braiding, the following diagram commutes:
When f is the associator (a ⊗ b) ⊗ c → a ⊗ (b ⊗ c) we consider the following diagram:
The left-and right-hand squares commute by two applications of the left-hand diagram in Eq. (5), while the center square is just the naturality of the associator. Replacing the leftward horizontal maps by their inverses, Mac Lane's coherence theorem implies the composite horizontal maps are simply the relevant tensor powers of associators. Moreover, the diagram still commutes, and hence associators are s-homomorphisms.
The argument that braidings are homomorphisms is strictly analogous to the above. The argument that unitors are homomorphisms is almost analogous, but the proof requires also the commutativity of the right-hand diagram in Eq. (5). Indeed, consider the following diagram:
Its left-hand and middle diagrams commute by Eq. (5) and the right-hand diagram commutes by the unitor axiom.
We can use Theorem 3.12 to provide a more compact definition of supply. To do so, we need the following definition, which puts all the coherence isomorphisms in C into a single monoidal subcategory, denoted C 0 . Definition 3.13. For any symmetric monoidal category C, let C 0 ⊆ C denote the smallest subcategory containing (i) all objects of C (and identity morphisms), and (ii) all coherence isomorphisms-unitors, associators, braiding, and their inversesfrom C. Thus C 0 inherits a symmetric monoidal structure, and we refer to it as the symmetric monoidal category of C-objects. There is an identity-on-objects inclusion inc : C 0 → C.
The reader may find it useful to consider the meaning of inc ⊗m ∈ SMF(C 0 , C) for m ∈ N. In particular it sends c → c ⊗m = ((c ⊗ c) ⊗ · · · ⊗ c) ⊗ c and its strongators are the symmetry isomorphisms; see Definition 2.1.
Theorem 3.14. There is a one-to-one correspondence between supplies s of P in C and strong monoidal functorss :
(ii) the strongators(m) ⊗s(n) →s(m + n) is the unique coherence map for each m, n ∈ N.
Proof. A strong monoidal functors obeying (i) and (ii) is simply a supply s of P in C such that the coherence maps are s-homomorphisms. But Theorem 3.12 shows that every supply has this property, and so the two notions coincide. We explain this in detail. Lets be a strong monoidal functor obeying (i) and (ii). Note that (i) definess on objects. On morphisms, each µ : m → n defines a monoidal natural transformation s(µ) : inc ⊗m ⇒ inc ⊗n . Explicitly, this is, for each object c ∈ C, a morphisms(µ) c : c ⊗m → c ⊗n obeying naturality and monoidality conditions. Naturality requires
to commute for all maps f : c → d in C 0 -that is, all coherence maps of C-while monoidality requires the diagrams
commute for all m, n ∈ N. The functoriality ofs requires that for all µ : m → n and ν : n → p we havẽ
while the monoidality ofs with respect to the strongators given in condition (ii) imply that for all µ : m → n and µ ′ : m ′ → n ′ we have
It is now straightforward to see [1] that the functoriality and monoidality ofs with respect to the strongators of condition (ii) states exactly that for each c ∈ C the components(−) c defines a strong monoidal functor P → C obeying conditions (i) and (ii) of Definition 3.1, [2] that the monoidality diagrams Eq. (12) of each natural transformatioñ s(µ) are exactly the diagrams Eq. (5) of condition (iii) in Definition 3.1, and [3] that the naturality of eachs(µ) with respect to C 0 is exactly the homomorphism property of Theorem 3.12. This proves the theorem.
Corollary 3.15. Let C be a symmetric strict monoidal category. There is a one-to-one correspondence between supplies s of P in C and strict monoidal functorss : P → SMF(C 0 , C) such that 1 → inc.
Because of the one-to-one correspondence Theorem 3.14, we often elide the difference between the supply s and the strong monoidal functors. Theorem 3.16. Let s be a supply of P in C. Then the collection of s-homomorphisms forms a monoidal subcategory C 0 ⊆ C s ⊆ C, and the functor s : P → SMF(C 0 , C) factors through a strong monoidal functor
satisfying the two conditions of Theorem 3.14.
Proof. We showed in Theorem 3.12 that every coherence isomorphism in C is an shomomorphism. It is obvious that if f : c → d and g : d → e are s-homomorphisms then so is f g. Moreover, if f 1 : c 1 → d 1 and f 2 : c 2 → d 2 are s-homomorphisms then so is (f 1 ⊗ f 2 ); this follows from Eq. (12). Thus C s forms a monoidal subcategory of C, and C 0 ⊆ C s . The factoring of s through SMF(C s , C) is just a repackaging of the statement that every morphism in C s is an s-homomorphism.
Transfer of supply
In this section we present a number of propositions that describe how new supplies may be constructed from old: a supply of Q in C induces a supply of P in C for any prop functor P → Q; if C and D supply P then so does their biproduct C ⊕ D; a supply transfers along an essentially surjective, strict monoidal functor C → D; and a supply on C induces a supply on its strictification C.
Proposition 3.17. Let F : P → Q be a prop functor. For any supply s of Q in C, we have a supply (F s) of P in C.
Proof. Given a strong monoidal functor s : Q → SMF(C 0 , C), we compose it with F (which is strict and sends 1 → 1) to get the required supply of P; see Theorem 3.14.
Example 3.18. The prop D for self-duals was give in Example 3.8 and that for frobenius monoids was given in Example 3.9; it is Cospan. There is a prop functor D → Cospan sending the generators and to the cospans 2 → 1 ← 0 and 0 → 1 ← 2. It is easy to check that the equations Eq. (9) hold in Cospan, i.e. the composites are both the identity cospan 1 = 1 = 1. Thus by Proposition 3.17, every hypergraph category is a self-dual compact closed category.
Recall from Theorem 2.3 that the 2-category of symmetric monoidal categories has biproducts. Proof. Noting that (C ⊕ D) 0 = C 0 ⊕ D 0 , this follows from Proposition 2.4 and Theorem 3.14.
We next prove that supplies transfer along strict monoidal, essentially surjective functors. Note that this assumes the axiom of choice, i.e. that fully faithful essentially surjective functors have inverses. Since in this case F is essentially surjective, the symmetric monoidal functor F 0 is an equivalence, thus so is
. Now given a supply s as in the following diagram (see Theorem 3.14), one simply defines t using the inverse of the equivalence SMF(F 0 , D):
Example 3.21. Using Proposition 3.20, a supply of comonoids on Rel can be obtained from the one on Set via the bĳective-on-objects (hence strict) monoidal inclusion Set → Rel. The failure of supplies to in general transfer along equivalences notwithstanding, we close this section by proving that if C supplies P, then so does its Mac Lane strictification.
Lemma 3.23. Let C a symmetric monoidal category, C its strictification, and
: C → C the strong monoidal equivalence. For any prop P, a strong monoidal functor F : P → C factors as
Proof. Clearly if F factors as F then it satisfies the two conditions. Conversely, if F satisfies the two conditions, define F on objects by F (m) := [F (1), m . . ., F (1)]; note that F (m) = F (m). On morphisms define F to be the composite
where the second map is the isomorphism coming from the fact that is fully faithful. It is clear both that F is strict and that its composite with is F .
Proposition 3.24. For any supply on C, there is an induced supply on its strictification C.
Proof. Let P be a prop, and suppose s is a supply of P in C. For each c ∈ C, Lemma 3.23 says that the map s c : P → C factors through a strict monoidal functor s [c] : 
where we have written · for the monoidal product in C, namely list concatenation. With this assignment, s is easily seen to be a supply of P in C.
Preservation of supply
In Section 4.1 we define preservation of supply-i.e. the notion of homomorphism between categories equipped with supply-and give some basic examples. In Section 4.2 we prove some useful properties of supply-preserving functors. Of these, the most important is Theorem 4.6, which says that for any strong monoidal functor preserving supply, the strongators are homomorphisms.
Definition and examples
Definition 4.1. Let P be a prop, C and D symmetric monoidal categories, and suppose s is a supply of P in C and t is a supply of P in D. We say that a strong symmetric monoidal functor (F, ϕ) : C → D preserves the supply if the diagram
commutes for each morphism µ : m → n in P and object c ∈ C.
Example 4.2. Taking P = N as in Example 3.3 we see that every strong monoidal functor C → D preserves the supply of identities.
Example 4.3. Let s be a supply of P in C. Recall that there is a unique supply of P on I by Example 3.4. It follows from the second diagram in Eq. (5) that the unique monoidal functor I → C preserves the P-supply (and clearly so does C → I).
Example 4.4. Suppose we have a supply s of involutions in C and a supply t of involutions in D. As we saw in Example 3.5 this just means that every object x is equipped with an involution i x : x ∼ = x. A symmetric monoidal functor F : C → D preserves the supply iff
Example 4.5. A hypergraph functor is defined to be a strong symmetric monoidal functor between hypergraph categories that preserves the supply of frobenius monoids.
Basic theory of preservation
Theorem 4.6. Let s be a supply of P in C and let t be a supply of P in D, and suppose that (F, ϕ) : C → D is a strong monoidal functor preserving supply. Then the strongators ϕ are t-homomorphisms, i.e. the following diagrams commute for each morphism µ : m → n in P and objects c, c ′ ∈ C:
Proof. Each of these is proved by a diagram chase. Indeed, consider the diagram:
Every vertical or diagonal morphism is an isomorphism, and the (unlabeled) side diagrams commute because symmetries commute with strongators. Diagrams ( ) and ( ) commute because s and t are supplies (see Eq. (5)); diagrams (F ) commute because F preserves the supply (see Eq. (13)); and (F ) commutes because F is monoidal. The proof for the unit is similar, except that squares (F ) are not present.
Recall from Theorem 3.16 that for any supply s in C there is a symmetric monoidal subcategory C s ⊆ C of s-homomorphisms. Proof. Choose µ : m → n in P and f : c → d in C, and consider the diagram below:
The diagrams (F ) commute because F preserves supply, while the diagrams (F ) commute because F is monoidal. Thus whenever f is an s-homomorphism, the functoriality of F implies ( ) commutes, and hence that F (f ) is a t-homomorphism.
Proposition 4.8. Let s and t be supplies of P in C and D respectively, and suppose that F : C → D sends s-homomorphisms to t-homomorphisms, i.e. F factors through F s,t : C s → D t . Then F preserves the supply iff the strongators ϕ c : F (c) ⊗m → F (c ⊗m ) define a natural isomorphism:
Proof. Consider an object m ∈ P. Along the top-right, it is sent to the functor c → F (c ⊗m ), and along the left-bottom, it is sent to the functor c → F (c) ⊗m . The strongators for F provide the component isomorphisms ϕ c : F (c) ⊗m → F (c ⊗m ) natural in c ∈ C (and hence in c ∈ C s ). For these ϕ to be natural in P works out to be exactly the condition that Eq. (13) commutes for any morphism µ : m → n in P.
Corollary 4.9 follows easily from the proof of Proposition 3.24.
Corollary 4.9. Let s be a supply of P in C and let s be the induced supply of P in the strictification C. Then the equivalence : C → C preserves the supply.
Outlook
Many of the ideas in this paper should extend to the enriched setting, e.g. replacing props and symmetric monoidal categories with 2-props and symmetric monoidal 2-categories, etc. Indeed, in [FS19a] , we work out the theory for the locally posetal case. The results contained here, and their locally posetal generalizations, organize and significantly streamline key arguments in that paper. We leave the development of the general enriched theory open for future work.
A Products, coproducts, and biproducts in SMC
In a category with products, we denote the pairing of f : A → B and g : A → C by f, g : A → B × C. We will denote copairings by [−, −].
Theorem (2.3). The 2-category SMC of symmetric monoidal categories, strong monoidal functors, and monoidal natural transformations has 2-categorical biproducts.
Proof. The terminal category I := { * } is symmetric monoidal, and it is terminal as such. It is also 2-categorically initial: for every monoidal category (C, I, ⊗), the functor I : I → C sending * → I is strong monoidal and any other strong monoidal functor I → C is canonically isomorphic to I. Thus I is a 2-categorically a zero object. Let C and D be symmetric monoidal categories. Their product C × D as categories inherits a symmetric monoidal structure. Indeed, take (I, I) to be the monoidal unit and
to be the monoidal product; the associators, unitors, and braiding are given pointwise. We will denote this symmetric monoidal category by C ⊕ D := C × D and show that it is a biproduct; more precisely it is both a 2-categorical coproduct and a strict 2-categorical product.
The functor C, I : C → C ⊕ D sending c → (c, I) is clearly strong monoidal. We claim that it and I, D : D → C ⊕ D together form the coprojections under which C ⊕ D is a 2-categorical coproduct. Indeed, given strong monoidal functors F : C → X and
and similarly for morphisms. The result is strong monoidal: as strongator we take the composite
where the first isomorphism is the braiding in C and the second isomorphism uses the strongators from F and G. It is straightforward to check that this satisfies the necessary axioms to be a strongator. It is also easy to check that the unitors provide natural isomorphisms
e.g. c ⊗ I ∼ = c for any c ∈ C. The map [F, G] is determined (up to canonical isomorphism) by this property because every object in C ⊕ D is of the form (c, I) ⊗ (I, d), and similarly for morphisms. Thus we have established that C ⊕ D is a 2-categorical coproduct. We claim it is also the (strict) product using the usual projections, e.g. π C : C × D → C. These functors are easily seen to be strong monoidal. Given any symmetric monoidal category X and functors F : X → C and G : X → D, we get a universal functor F, G : X → C × D; we need to see that if F and G are strong monoidal then so is F, G . Indeed we have F, G (x 1 ) ⊗ F, G (x 2 ) = F (x 1 ), G(x 1 ) ⊗ F (x 2 ), G(x 2 ) = F (x 1 ) ⊗ F (x 2 ), G(x 1 ) ⊗ G(x 2 ) ∼ = F (x 1 ⊗ x 2 ), G(x 1 ⊗ x 2 ) = F, G (x 1 ⊗ x 2 ).
The product universal property diagram analogous to Eq. (15) commutes (on the nose), completing the proof that SMC has biproducts. Proposition (2.4). Let C 1 , C 2 , D 1 , D 2 be symmetric monoidal categories. The functor
given by (F 1 ⊕ F 2 )(c 1 , c 2 ) := (F 1 (c 1 ), F 2 (c 2 )), is strict monoidal.
Proof. The monoidal unit in the domain is the pair (I, I) of constant functors, and it is clearly sent to the monoidal unit (I, I) in the codomain. Thus ⊕ commutes with the monoidal unit; we need to check that it commutes with the monoidal product ⊗. for any c 1 ∈ C 1 and c 2 ∈ C 2 . This establishes strictness, and a similar calculation implies that ⊕ preserves the braiding.
Theorem (2.2).
The 2-category SMC has all small products and coproducts, and products are strict.
Sketch of proof. Let J be a set and C • : J → SMC be an J-indexed collection of symmetric monoidal categories. Their product as categories j∈J C j carries a symmetric monoidal structure given elementwise on J. It is easy to check that this, together with the usual projections (which are strict monoidal functors), constitutes the product of the C j in SMC.
The coproduct j∈J C j has the following set of objects, where I j is the unit in C j :
Ob(C j ) c j = I j for all but finitely-many j ∈ J .
The monoidal product is given pointwise (and then replace I ⊗ I by I). We leave to the reader to check that this, together with the obvious coprojections inc j : C j → j∈J C j , constitutes a (2-categorical) coproduct in SMC, i.e. that for any symmetric monoidal category X, there is an equivalence of categories SMC j∈J C j , X ≃ j∈J SMC(C j , X).
